ABSTRACT. We introduce a crisp metric d M as the common limit of two different nets (∆ M ,λ ) and (δ M ,λ ) of crisp metrics induced by a fuzzy metric M and prove that the existence of each of these limits is equivalent to that of the other and it is characterized by another condition on the original fuzzy metric M . We also derive some of the properties of these approximate metrics ∆ λ and δ λ . On the other hand, for a given a crisp 
INTRODUCTION
The concept of fuzzy metric was introduced by Karamosil and Michálek [10] , with motivations from the notions of statistical metrics [11, 21, 12, 20] and probabilistic metrics [13, 15] . Then, different notions of fuzzy metrics have been introduced in the literature. To mention a few, pseudo-quasi metric (respectively, fuzzy pseudo metric) which assigns distance between two fuzzy subsets (respectively, fuzzy points) as a nonnegative real number in [5, 4] ; the fuzzy metric in [9] assigns the distance between two points in a set as a fuzzy real number; George and Veeramani [6] slightly altered the definition of fuzzy metric introduced in [10] to achieve some topological properties of the fuzzy metric space; the concept of metrics of fuzzy subsets is discussed in [2] ; Das [3] introduced the notion of L-fuzzy numbers and defined distance between two points as an L-fuzzy number; Savchenko and Zarichnyi [19] modified the axiom of triangle inequality and called the new fuzzy metric as ultra fuzzy metric; and in [22] a fuzzy distance between two points is defined as an L-fuzzy number. A comparison of different fuzzy metrics can be seen from [18] . Among the different notions of fuzzy metrics in the literature, the fuzzy metric introduced by Karamosil, Michálek [10] and modified by George and Veeramani [6] attracted more researchers to pursue their research in this area of research.
When there is an uncertainty in measuring the distance between two points, the concept of fuzzy metric is involved. In view of practical purpose, it is necessary to find a crisp metric from the fuzzy metric, in a convincing manner. This is the motivation for introducing crispification of fuzzy metric. In pure mathematical point of view, if a fuzzy metric is modified as a crisp metric, then it is natural to ask a procedure to get back to the original fuzzy metric. So, we also discuss the fuzzification of crisp metric. Already, there are uncountable number of fuzzy metrics induced by a crisp metric in the literature [6] . However, none of them is a function with range {0, 1}, which is in contrast with the identification of a crisp subset with a fuzzy subset. So, we introduce a fuzzy metric with range {0, 1}, representing the given crisp metric. Finally, we prove that these 1991 Mathematics Subject C lassification. Primary 54E35; Secondary 54A40. K ey words and phrases. Metric, Fuzzy metric, Topology. two processes are consistent in the sense that for a crisp metric d , all the approximate metrics obtained from the fuzzy metric with range {0, 1} induced by d are equal to the original metric.
PRELIMINARIES
Defi n i t i on 2 .1 . [10, Definition 7] A fuzzy metric M on a set X is a fuzzy set of X × X × R satisfying the following conditions. M (x, y, t ) = 1.
(1) Here, M (x, y, t ) is interpreting the degree of the truth value of the statement " the distance between x and y is less than t " .
George and Veeramani [6] altered the above definition by changing the domain X × X × R and codomain R of the fuzzy metric, respectively, by X × X × (0, ∞) and (0, 1], the measurable binary real function S by a t -norm, left continuity of M (x, y, ·) by continuity and by ignoring the monotonicity of M (x, y, ·) and limit of M (x, y, ·) at infinity. It is interesting to see that the monotonicity of M (x, y, ·) is proved in [7] from the definition of fuzzy metric defined as follows.
Defi n i t i on 2 .2 . [6]
T he 3-tuple (X , M , * ) is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t -norm and M is a fuzzy set on X × X × (0, ∞) satisfying the following conditions: Although, the notion of t -norms is generalizing minimum, throughout this paper we prefer to use minimum as the t -norm, and hence we denote a fuzzy metric space simply by (X , M ).
In this paper, for our discussion we use another simple modification of the fuzzy metric, which is obtained by including one more natural condition to the set of conditions given Definition 2.1, as follows. M (x, y, t ) = 0.
Since the distance between x and y must be positive whenever x = y, as the distance parameter t tends to 0, the truth value of the statement " the distance between x and y is less than t " is expected to tend to zero. This property of separating distinct points is included as the condition (SDP). 
Examp le 2 .4 . F or any set
X define M : X × X × R → [0, 1] by M (x, y, t ) =              0 if t ≤ 0, for all x, y ∈ X , 1 if x = y and t > 0, t if x = y and t ∈ (0,
T hen M is a fuzzy metric.
For an arbitrarily fixed distinct pair x, y ∈ X , the graph of M (x, y, t ) is the following.
T hen M is a fuzzy metric according to D efinition 2.1 whereas it is not a fuzzy metric according to D efinition 2.3 as it does not satisfy C ondition (SD P ).
In [6] , open balls in a fuzzy metric space are defined and a topology is generated by the collection of all open balls as a basis.
Defi n i t i on 2 .6 . [6, Definition 3.1] Let (X , M ) be a fuzzy metric space. T he open ball B (x, r, t ) for t > 0 with centre x ∈ X and radius r , 0 < r < 1 is defined as B (x, r, t ) = {y ∈ X :
It is unusual to restrict the radius of an open ball in 0 < r < 1. Since the distance is represented by the parameter t , and the degree of the fact that the distance between x and y is less than t is M (x, y, t ), it is better to rewrite the above definition as follows.
Defi n i t i on 2 .7 . Let (X , M ) be a fuzzy metric space. W e define open ball B (x, r, ) with centre x ∈ X , radius r > 0 and a parameter of fuzziness 0 < < 1 as B (x, r, ) = {y ∈ X :
So, for every y ∈ B (x, r, ), the truth value of the statement that the distance between x and y is less than r is 1 − . This change is only on the interpretation of the open ball B (x, r, ), and it does not make any difference between the two collections {B (x, r, t ) : 0 < r < 1, t > 0} and {B (x, r, ) : r > 0, 0 < < 1}.
CRISPIFICATION OF A FUZZY METRIC
First, we introduce upper λ-metrics and lower λ-metrics by which the distance between two points are calculated upto the degree of correctness parameter λ.
Defi n i t i on 3 .1 (λ-metric induced by a fuzzy metric). Let (X , M ) be a fuzzy metric space and λ ∈ (0, 1). Let ∆ M ;λ and δ M ;λ be defined by P roof. Since, for each pair x, y, M (x, y, t ) is an increasing function of t , we observe that {t ∈ R : M (x, y, t ) > λ} is an interval with left end ∆ M ;λ (x, y) and right end +∞.
Clearly,
y, t ) = 1 for all t > 0, which implies that {t : M (x, y, t ) > λ} = (0, ∞) and hence ∆ M ;λ (x, y) = 0. Conversely, suppose that ∆ M ;λ (x, y) = 0 and x = y. Since M (x, y, t ) is right continuous at 0 (by condition (SD P ) and M (x, y, 0) = 0, there exists t 0 > 0 such that M (x, y, t 0 ) < λ; this implies that t 0 ∉ {t : M (x, y, t ) > λ} and hence ∆ M ;λ (x, y) ≥ t 0 > 0, which is a contradiction. Thus, we have proved that ∆ M ;λ (x, y) = 0 if and only if x = y.
Let x, y, z ∈ X . If any two of x, y and z are equal, then it follows that ∆ M ;λ (x, z) ≤ ∆ M ;λ (x, y) + ∆ M ;λ (y, z). So we assume that x, y and z are pairwise distinct. By the observation in the first line of this proof, we have
By employing a similar set of arguments we can show that δ M ;λ is a metric.
Hereafter, we call ∆ M ;λ and δ M ;λ , respectively, as the upper λ-metric and the lower λ-metric induced by the given fuzzy metric M . It is easy to observe that for each λ ∈ (0, 1), we have δ M ;λ ≤ ∆ M ;λ . In fact, for the fuzzy metric M given in Example 2.5, we can see that δ M ; 
Suppose that S contains two elements t 1 and t 2 with t 1 < t 2 , then t 1 ∈ S l , t 2 ∈ S u and hence δ M ;λ (x, y) ≤ t 1 < t 2 ≤ ∆ M ;λ (x, y), which implies that δ M ;λ (x, y) = ∆ M ;λ (x, y).
Conversely, if δ M ;λ (x, y) < ∆ M ;λ (x, y), then we choose a real number s such that δ M ;λ (x, y) < s < ∆ M ;λ (x, y). Therefore, it follows that s ∈ S l ⊆ (−∞, δ M ;λ (x, y)] and s ∈ S u = [∆ M ;λ (x, y), +∞) and hence s ∈ S. Thus S contains uncountable elements, which completes the proof. we introduce a particular class of fuzzy metric spaces, which satisfy the finite distance condition (F D ) F or ev ery pair (x, y) , there exists t x,y such that M (x, y, t x,y ) = 1, which is refl ecting the natural expectation that distance between any two points is finite and it was introduced in Page 342 of [10] .
Defi n i t i on 3 .8 (F D -fuzzy metric space). A fuzzy metric space (X , M ) (as in D efinition 2.3) is said to be an F D -fuzzy metric space if it satisfies the condition (F D ).
As M (x, y, t ) is the degree of truth value of the fact that the distance between x and y is less than t , for a fixed 0 < < 1, the truth value of the statement " the actual distance between x and y is inf t : M (x, y, t ) > λ " could be understood as λ. Suppose the limit of inf t : M (x, y, t ) > λ exists, as λ increases to 1, then the limit can be accepted as the actual distance between x and y induced by the fuzzy metric M . Thus, we define the following. 
Defi n i t i on 3 .9 (Actual metric induced by a fuzzy metric). Let (X , M ) be a F D -fuzzy metric space. W e define the actual metric induced by the fuzzy metric M by d M (x, y) = lim
which is a contradiction. Thus the lemma follows. If we allow λ 1 to 1, then λ 2 also tends to 1, and hence we get the reverse inequality lim
Thus, all the questions we posed in this section, are answered affirmatively.
FUZZIFICATION OF A CRISP METRIC
If (X , d ) is a metric space, then the induced fuzzy metrics M : X × X → R are defined in [6] by
, where m, n, k ∈ R + .
We first prove that the topologies constructed from the fuzzy metrics M m,n,k are same and they are equal to the topology compatible with the given metric d . As there are infinitely many such fuzzy metrics, we prefer to find a unique fuzzy metric obtained from the given metric. Since the traditional way of fuzzifying a crisp object is identifying the crisp object as a function with the range {0, 1}, we now introduce a fuzzy metric with range {0, 1} representing the given metric in Theorem 4.2. In the following theorem, we introduce a fuzzy metric representing the given metric. Incidentally, it is found similar to the fuzzy metirc constructed from a generalized metric in [14, Example 3.8] .
is a fuzzy metric on X .
P roof. It is clear that
• M d (x, y, t ) = 0 for all x, y and for all t ≤ 0.
• P roof. Let x, y ∈ X and λ ∈ (0, 1). Then, we have In addition to this, the topologies compatible with M and M (d M ) also need not be the same.
Examp le 4 .6 . F or x, y ∈ R and t ∈ R, we define
if x = y and t > 0 t t +|x−y| if x = y and 0 < t ≤ 2 1 if x = y and 2 < t .
T hen, (R, M ) is an F D -fuzzy metric.
If x = y and 0 < < |x−y| 2+|x−y| , then we can easily obtain that M (x, y, t ) = t t +|x−y| ≤ 1 − for all t ≤ 2. Therefore, it follows that d M (x, y) ≥ t for all t ≤ 2, and hence 
CONCLUSION
In this paper, we have successfully introduced an actual (crisp) metric d M induced by a fuzzy metric M and proved that the existence of the actual metric induced by a fuzzy metric M is characterized by the F D condition on M . We have also provided two different approximations of the metric induced from the fuzzy metric M , through upper λ-metrics ∆ M ;λ and lower λ-metrics δ M ;λ .
On the other hand, considering the fuzzy metrics obtained from a crisp metric, it is natural to identify a metric with a fuzzy metric with range {0, 1}. In this view, we have introduced a fuzzy metric representing a crisp metric and proved that the fuzzy metric is inducing the same topology on X as induced from the original metric. We have also proved that fuzzification of a metric is consistent with the crispification of a fuzzy metric.
Finally, we would like to compare the present work with some of the existing works in the literature. First of all, characterizing crispification of fuzzy metric is stronger than proving the topology induced by an arbitrary fuzzy metric is metrizable [8] . In [16, 17, 1] , the metric representing a fuzzy metric M is given, respectively, by • (X , M , * ) is a fuzzy metric space and α : R + → R + is an increasing function satisfying the properties (i) 0 < α(t ) ≤ t for all t ∈ (0, 1) and α(t ) > 1 for all t > 1. (ii) (1 − α(s)) * (1 − α(t )) ≥ 1 − α(s + t ), ∀s, t ∈ [0, 1].
In every construction given above, both the third coordinate t (the distance parameter) of the input of M and the value M (x, y, t ) (the truth value of the statement d (x, y) < t ) of M are dependent, whereas we are considering the general case, where they are independent. Moreover, d (x, y) and d R α (x, y) are always bounded by 1. Such a restriction is not imposed in our construction.
